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TAMAGAWA NUMBER FORMULA WITH COEFFICIENTS OVER
VARIETIES IN POSITIVE CHARACTERISTIC
FABIEN TRIHAN AND OLIVIER BRINON
Abstract. We express the order of the pole and the leading coefficient of the L-
function of a (large class of) ℓ-adic coefficients (ℓ any prime) over a quasi-projective
variety over a finite field of characteristic p. This is a generalization of the result
of [MR] with coefficients. The new key ingredient is the use of F -gauges and their
equivalence in the derived category with Raynaud modules proved by Ekedahl.
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1. Introduction
Let V be a variety of dimension n over a finite field k = Fq, q = p
a, with p a
prime and a ∈ Z>0. We assume that V is equipped with an embedding j : V →֒ V
′
into a proper variety V ′/Fq. Let E be an overconvergent F -isocrystal over V pure,
satisfying some integrality condition and with finite cohomological dimension (see
Section 3.2 for the precise conditions). We give an expression of the order of the
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pole and of the leading coefficient of the L-function of this coefficients at any integer
under some classical semisimplicity conjecture. This is a generalization of the work
of Milne-Ramachandran who treat the case of the trivial coefficient and is usually
called the Tamagawa Number formula in the number field case. We also give the
analogous formula for the l adic companion of such coefficient in the sense of Deligne
(see [AE]). The proof is based on the celebrated work of Milne-Ramachandran with
as new ingredient, the use of F -gauges and their equivalence in the derived category
with the Raynaud-modules as proved by Ekedhal ([Ek]). The plan of the paper is as
follows: Section 3 is devoted to the setting. In section 4, we show how to associate
to a F log crystal over a proper log smooth base a structure of coherent complex
of R modules in the derived category. Section 5 is a recall of the paper of Milne-
Ramachandran ([MR]) whose main result is to express the order of the pole and of the
leading coefficient of the Zeta function of a coherent complex of R-modules. Finally,
in the final section we apply the main result of Milne -Ramachandran to the structure
of coherent R-complex constructed in section 4 via the use of proper hypercovering
and proper descent of the rigid cohomology of our nice overconvergent F -isocrystal
(see Cor. 6.1.3 for our main result). We also give the analogous formula for the l-adic
companion of our coefficient, when it exists (Th. 6.2).
2. Acknowledgement
We would like to express our gratitude to Kazuya Kato and Atsushi Shiho for very
enlightning discussions about the appropriate category of coefficients for our result.
3. Setting
3.1. The variety. Let V be a variety of dimension n over a finite field k = Fq, q = p
a,
with p a prime and a ∈ Z>0. We assume that V is equipped with an embedding
j : V →֒ V ′ into a proper variety V ′/Fq. We denote i : Z := V
′ \ V →֒ V ′. By
[Nakk12], there is a simplicial proper hypercovering (j. : V. →֒ V
′
. ) of (V, V
′) such that
V ′. /Fq is a proper smooth scheme and V./Fq is the complement of a simplicial strict
divisor with normal crossings Z. on V
′
. , such that Z. → Z is a proper hypercovering
of Z. We denote V ′♯ the log scheme whose log-structure is the one induced by Z..
V ′♯ is a proper log-smooth variety over Fq endowed with the trivial log-structure.
3.2. The coefficient. Let W denote the Witt vectors of Fq and K its fraction field.
We denote k¯ an algebraic closure of k, W¯ = W (k¯) and K¯ its fraction field. For any
log-scheme X♯/Fq, We denote F − Cryst(X
♯/W ) the category of finite locally free
non-degenerated F -crystals over X♯/W for the e´tale topology (see for example [HK])
and F − iso(X♯/K) the category of F -isocrystal over X♯/K (see for example [Sh]).
We denote FE the σ-linear endomorphism of E FE := F ◦ τ , where τ : E → σ
∗
X♯E is
the map sending x to x ⊗ 1. For a general variety X/Fq, we denote F − iso
†(X/K)
the category of overconvergent F -isocrystal over X (see for example [LS]). Let E ∈
F − iso†(V/K). Then by the semistable theorem of Kedlaya ([Ke]), we can choose a
finite generically e´tale hypercovering fV. : V. → V as in the previous paragraph and
a family (Elog. ) of objects of F − iso(V
′♯
. /K) such that
j†.E
log
. = f
∗
V.E
3where the functor
j†. : F − iso(V
′♯
. /K)→ F − iso
†(V/K)
is the one constructed in [LST].
We will need the following assumptions:
We will say that the data (E, V., Elog. ) is (NICE) if it satisfies the following con-
ditions:
(1) The family of log F -isocrystals (Elog. ) is integral in the sense that they come
from objects of F − Cryst(V
′♯
. /W ) (Recall that we have a canonical functor
from the category of crystals to isocrystals).
(2) H i(V., E) = 0 for i > N(E), for some constant N(E) independant of i.
Remark 3.2.1. The second hypothesis is satisfied for example in the following cases:
(1) The variety V is smooth, in which case N(E) = 2n.
(2) The overconvergent F -isocrystal E has constant Frobenius slope. In this situ-
ation, it is possible to define on the de Rham-Witt cohomology of Elog a slope
filtration and the argument of [Nakk12], 11..7.5 will work with coefficient.
3.3. L-function. The L-function of E is defined as
L(V,E, t) :=
∏
v∈V
det(1− tFv, Ev)
−1
where Ev is the fiber of E at the closed point v of V , an F -isocrystal on k(v)/K.
It was proved in [ELS] that this infinite Euler product is a rational function in K(t)
that can be expressed as follows:
L(V,E, t) =
∏
i
det(1− tΦiE , H
i
rig,c(V/K,E))
(−1)i+1,
where ΦiE := H
i(F aE).
We will need the following second assumption on the coefficient. We denote ι the
choice of an embedding Qp ∈ C.
(ι-PURE) For any v, the eigenvalues α of the Frobenius acting on Ev are Weil
numbers , i.e. such that |ι(α)| = qw/2 for some integer w independent of v.
Under this hypothesis, we recall that it was proved in [Ked-Weil2] that the F -
isocrystals over Fq H
i
rig,c(V/K,E) are ι-mixed, in particular the eigenvalues of F
a are
Weil numbers.
4. F -gauge complex of a F -log crystal
In the next two subsections, we recall the construction of [Ek], p.36-37.
4.1. From F -log crystals to virtual crystals. Let X/Fq be a proper smooth
variety, Z a divisor with normal crossing with respect to X . We denote X#/Fq the
associated proper smooth log-variety. Let E be a F -crystal on X#/Fq.
Definition 4.1.1. A virtual F -crystal (resp. of finite type) is a triple (U,F, N) where
U is a finite dimensional K-vector space, F a σ-linear automorphism of U and N a
(resp. finitely generated) W -submodule of U such that N ⊗K = U .
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Example 4.1.2. We consider on U(E, i) := H icrys(X
#/W,E)⊗Qp the σ-linear map:
FiE := H
i(FE) = H
i(F ) ◦H i(τ) : U(E, i)→ U(σ∗E, i)→ U(E, i).
By definition, H i(F ) is clearly a σ-linear bijective map. By [ELS], Prop. 2.1, the
map H i(τa)⊗Qp : U(E, i)→ U(σ
a,∗E, i) is a bijection. This map is the composition
of σ-linear maps induced by the adjonction map of the absolute Frobenius on X#:
U(E, i)→ U(σ∗E, i)→ · · · → U(σa,∗E, i).
We claim that the first one, H i(τ) is also bijective. Indeed, since the composed is in-
jective, this map (as well as all the following maps) is also injective. The surjectivity
of the composed map and the injectivity of the map U(σ∗E, i) → U(σa,∗E, i) implies
then the surjectivity of H i(τ). We denoteVC(E, i) the virtual crystal (H icrys(X
#/W,E)⊗
Qp,F
i
E , N(E, i) := H
i
crys(X
#/W,E)).
4.2. From virtual crystal to F -gauges.
Definition 4.2.1. A F -gauge (M, F˜ , V˜ , τ) is the data of a graded W -module M =
⊗i∈ZM
i endowed with linear mappings of respective degree 1 and -1 F˜ and V˜ and a
σ-linear isomorphism
τ : M∞ := lim
−→
(· · · →M i
F˜
→M i+1 → . . . )→M−∞ := lim
−→
(· · · → M i
V˜
→ M i−1 → . . . ).
Ekedahl defines in [Ek], p.37 a functor Hodge(.) from the category of virtual
crystals to the category of F -gauges as follows: Let (U,F, N) be a virtual crystal.
Then, setting M i := F−1(piN) ∩N , we get a filtration {M i} of N satisfying
(i) pM i ⊂M i+1.
(ii) N = ∪iM
i.
(iii) F maps ∪ip
−iM i into and onto ∪M i.
SetM := ⊗i∈ZM
i, F˜ the multiplication by p, V˜ the inclusion and τ , the map deduced
by the property (iii). Then Hodge(U,F, N) := (⊗i∈ZM
i, F˜ , V˜ , τ) is a F-gauge.
Let E be a F -crystal onX#/Fq. We denote FG(E, i), the F -gaugeHodge(VC(E, i))
and FG(E) the complex of F -gauges whose degree i-term is FG(E, i) and derivation
is the zero map.
4.3. Coherent object in the derived category of F -gauges.
Definition 4.3.1. An objectM in the derived category of F -gauges, D(F−g) is called
coherent if the canonical map M → R lim
←−n
W/pn⊗LW M := Mˆ is an isomorphism and
if Fq ⊗
L
W M is a coherent Fq-complex. We denote D
b
c(F − g) the derived category of
bounded complexes of coherent F -gauges.
Theorem 4.1. Let E be a F -crystal on X#/Fq. Then
FG(E) ∈ Dbc(F − g).
Proof. First note that FG(E) can be seen as a bounded complex of F -gauges con-
centrated in degree 0 to 2dim(X) and in particular as an object of Db(F − g). By
[Ek], Prop. 5.2, it is enough to check that Hj(FG(E))i = FG(E, j)i is a finitely gen-
erated W -module for any 0 ≤ j ≤ 2dim(X) and 0 ≤ i ≤ N , which is obvious since
FG(E, j)i is a subW -module of the finitely generatedW -module Hj(X#/W,E). 
54.4. Coherent object in the derived category of Raynaud modules associ-
ated to a F -log crystal.
Definition 4.4.1. We denote R the W -graded algebra R0 ⊕ R1 generated by F and
V in degree 0 and by d in degree 1, subject to the relation:
FV = p = V F , Fa = σ(a)F , aV = V (σ(a)), d2 = 0, FdV = pd, V d = pdV ,
dF = pFd, da = ad (a ∈ W ).
We can see a graded R-module M as a complex
· · · →M i
d
→M i+1
d
→ . . .
such that for any i, M i is a R0-module endowed with a differential d such that
FdV = pd. We define the n−th degree shift M{n} of M as the graded R-module
whose i− th degree is Mn+i and derivation is (−1)ndn+iM .
Definition 4.4.2. (1) We say that a R-module is elementary of Type I if it is a
R0-module, finitely generated over W such that V is topologically nilpotent.
Such module can be written as the direct sum of a free W -module of finite
rank with an action of F such that the slopes are in [0, 1[ and of a torsion
part which is of finite length as W -module. The torsion part is an iterated
extension of the module (k, F, V = 0) or (k, F = σ, 0).
∏
n≥0
kV n
d
→
∏
n≥l
kdV n
where l ∈ Z and dV n = F−nd if n < 0.
(2) A graded R-module M is said coherent if it admits a finite filtration whose
quotients are degree shifts of elementary modules of type I or II.
(3) A complex M of R-modules is said to be coherent if it is bounded with coher-
ent cohomology. We denote Dbc(R) the full subcategory of D(R) consisting of
coherent complexes. This is a triangulated subcategory of D(R); in particular,
the coherent modules form an abelian subcategory of Mod(R) closed under ex-
tensions ([I], 2.4.8). We denote Dbc(R) the full subcategory of D(R) consisting
of coherent complexes.
The main theorem of [Ek] is the following result.
Theorem 4.2. ([Ek], Th. 5.3) There is an equivalence of categories:
R : Dbc(F − g)→ D
b
c(R).
We denote S the inverse functor. Coming back to the hypothesis of section 4.1,
let E be a (finite locally free) F -crystal on a proper log-smooth variety X#/Fq and
denote R(E) the object of Dbc(R):
R(E) := R(FG(E)).
4.5. Operations in Dbc(R).
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4.5.1. Translation. We can see a graded R-module M as a complex
· · · →M i
d
→M i+1
d
→ . . .
such that for any i, M i is a R0-module endowed with a differential d such that
FdV = d. We define the n−th translated M{n} as the graded R-module whose
i− th degree is Mn+i and derivation is (−1)ndn+iM .
4.5.2. Tate Twist. We can see a complex of graded R module M as a bicomplex M i,j
where M .,j is a graded R-module and M i,. is a complex of R0-module. For an integer
r and M a complex of graded R-modules, we denote M(r) the complex of graded
R-modules whose associated bicomplex has entries M(r)i,j := M i+r,j−r and with the
appropriate sign changes on the differentials.
4.5.3. Simple complex. Let M be a complex of graded R-module, we can associate
to M a simple complex of W -modules sM such that
sMn := ⊕i+j=nM
i,j , dxi,j = d′xi,j + (−1)id”xi,j.
This construction extends to give a functor
s : D+(R)→ D(W ).
If we restrict this functor to the category Dbc(R), then sM is then a perfect complex
of W -modules.
4.5.4. Slope spectral sequence. LetM be a complex of graded R-module, then Hj(M)
is a graded R-module with i-th degree:
(Hj(M))i = Hj(M i,.).
We have a spectral sequence
Ei,j1 := (H
j(M))i ⇒ Ei+j = H i+j(sM)
called the slope spectral sequence
Theorem 4.3. ([I], Corollary 2.5.4) Let M ∈ Dbc(R). The slope spectral sequence of
M degenerates at E1 modulo torsion and E2 modulo W -modules of finite length.
Corollary 4.5.1. ([MR], (9), (10)) LetM be a complex of graded R-module with only
non-negative degrees and let F ′ acts on M i,j as piF . Using the relation Fdv = pd for
the horizontal differential and the compatibility with F for the vertical one, one can
check that both differentials of M i,j commutes with F ′ and we have an isomorphism
of F -isocrystals over k:
((Hj(M))i ⊗K, piF ) = (H i+j(sM)⊗K,F ′)[i,i+1[,
where for an isocrystal (MK , F ), we denote (MK , F )[i,i+1[ the piece of MK where
F ′ acts with slopes in [i, i+ 1[.
7Lemma 4.5.2. ([Ek], VII, 3.) Let M ∈ Dbc(R). Then the slope spectral sequence of
M is the ∞-part of the spectral sequence of F -gauges
Ei,j1 = S(H
j(M)i)⇒ H i+j(S(M)).
In particular, for any integer k, we have
Hk(sM) ≃ Hk(S(M))∞.
Corollary 4.5.3. let E be a (finite locally free) F -crystal on a proper log-smooth
variety X#/Fq. We have an isomorphism
H i(sR(E)) ≃ H icrys(X
#/W,E)
compatible with the Frobenius operator.
Proof. By the previous lemma, we haveH i(sR(E)) ≃ H i(S(R(E)))∞ = H i(FG(E))∞
by Th. 4.2. Now since the derivation is zero on FG(E), we have H i(FG(E)) =
Hodge(VC(E, i)) and its ∞ part is isomorphic, via the morphism τ given by its
structure of F -gauge, to its −∞ part, which is H icrys(X
#/W,E). 
4.5.5. Internal Homs and tensor products. One can construct ([I], 2.6.1.10) a tensor
product bifunctor
. ∗L . : Dbc(R)×D
b
c(R)→ D
b
c(R)
for which W is the unit object.
We can also construct (see [I],2.6.2) an internal Hom bifunctor:
RHom(., .) : Dbc(R)×D
b
c(R)→ D
b
c(R).
4.5.6. Homological algebra in Dbc(R). For the convenience of the reader, we give a
summary of the section 4 of [MR]. We refer the reader to loc. sic for the proofs.
Let S denote the category of sheaves of commutative groups on the e´tale site of
perfect schemes over Spec(k), and G denote the abelian subcategory of commutative
perfect algebraic group schemes killed by a power of p. We will denote S. (resp. G.)
the category of projective system (Pm)m of Z/p
m-modules in S (resp. in G).
We have a functor
.F : DBc (R)→ D
perf(Zp)
M 7→MF := RHom(W,M).
Lemma 4.5.4. Let M,N ∈ Dbc(R). We have
RHom(M,N)F = RHom(M,N).
We can sheafify the construction as follows: if M is a graded R -module, we denote
Mim the sheaf in S:
Spec(A) 7→ M im ⊗W W (A),
where M im = Rm ⊗R M
i.
For m variable, Mi := (Mim)m is a well-defined of S.. Finally, (M
., d, F ⊗
σW (A), V ⊗ σ
−1
W (A)) has a structure of R.-module object of S..
We set MF. := Cone(M
0
.
1−F
→ M0. )[−1].
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We also have a derived functor
RΓ(Spec(k)et, .) : D(S.)→ D(Zp),
(Mm)m 7→ Rlim
←−m
RΓ(Spec(k)et, .Mm).
Theorem 4.4. Let M ∈ Dbc(R).
(1)
RΓ(Spec(k)et,M
F
. ) =M
F .
(2) For any integer r and for any j we have a short exact sequence:
0→ U j → Hj(M(r)F. )→ D
j → 0
where U j is a connected unipotent perfect algebraic and Dj a profinite e´tale
group.
(3) Dj(k¯) is a finitely generated Zp-module and we have
Dj(k¯)⊗Qp ≃ (H
r(Hj(M))⊗ K¯)F⊗σ.
In particular, we conclude from the second assertion of the previous theorem:
Corollary 4.5.5. Let M ∈ Dbc(R). Then
MF. ∈ D
b
G.(S.),
the derived category of complex of sheaves in S. whose cohomology lies in G..
Applying this corollary to P = RHom(M,N), with M,N ∈ Dbc(R), we obtain a
functor:
RHom(., .) : Dbc(R)×D
b
c(R)→ D
b
G.(S.)
(M,N) 7→ PF. .
We deduce from the first assertion of Theorem 4.4 applied to RHom(M,N) and
from the equality of Lemma 4.5.4:
Theorem 4.5. Let M,N ∈ Dbc(R).
RΓ(Spec(k)et,RHom(M,N)) = RHom(M,N).
5. The main Theorem of Milne-Ramachandran
Again, for the comfort of the reader, we state the main result of Milne and Ra-
machandran and sketch their proof.
Let Γ := Gal(k¯/k), topologically generated by the Frobenius element γ : x 7→ xq. We
have a natural exact functor
Dbc(R)→ D
b
c(R¯),M 7→ M¯ := M ⊗W W¯ ,
moreover M¯ is endowed with an action of Γ. For a Γ-module M , we denote MΓ :=
H0(Γ,M) and MΓ = H
1(Γ,M).
We have a Horschild-Serre spectral sequence:
9H i(Γ, Extj(M¯, N¯)) => Exti+j(M,N).
We deduce the following composed map:
dj : Extj(M,N)→ Extj(M¯, N¯)Γ → Extj(M¯, N¯)→ Extj(M¯, N¯)Γ → Ext
j+1(M,N),
where the first map comes from the map Ej → E0,j of the previous spectral sequence,
the second map is the canonical inclusion, the third map is the canonical projection
and the last map corresponds to the map E1,j → Ej+1.
The same formalism as in [MR], p.24 shows that E(M,N) := (Ext.(M,N), d.)
defines a complex.
5.1. Statement of the theorem. LetM,N ∈ Dbc(R) and denote P := RHom(M,N).
Recall that P ∈ Dbc(R) so that R1 ⊗
L
R P is a bounded complex of graded k-vector
spaces whose cohomology groups have finite dimensions. We denote
hi,j(P ) := dimkH
j(R1 ⊗
L
R P )
i,
called the Hodge numbers of P .
Note also that for any j, Hj(sP )⊗K is an F -isocrystal. We denote
Z(P, t) :=
∏
j
det(1− tF a, Hj(sP )⊗K)(−1)
j+1
.
Theorem 5.1. ([MR], Th. 0.1) Let r be an integer and assume that qr is not a
multiple root of the minimum polynomial of F a acting on Hj(sP )⊗K for any j.
(1) The groups Extj(M,N(r)) are finitely generated Zp-modules and the alternat-
ing sum of their rank is zero.
(2) The Zeta function Z(P, t) of P has a pole at t = q−r of order
ρ :=
∑
j
(−1)j+1j.rankZp(Ext
j(M,N(r)).
(3) The cohomology groups of the complex E(M,N(r)) are finite and the alter-
nating product of their orders χ(M,N(r)) satisfies
|limt→q−rZ(P, t)(1− q
rt)ρ|−1p = χ(M,N(r)).q
χ(P,r)
where
χ(P, r) =
∑
i,j,i≤r
(−1)i+j(r − i)hi,j(P )
and the p-adic valuation |.|p has been normalized so that |p
r m
n
|−1p = p
r if m an
n are prime to p.
10 TRIHAN-BRINON
5.2. Sketch of proof of the Th. 5.1. We will need some notation: For a group
homomorphism f with finite kernel and cokernel, we denote z(f) := [Ker (f)]
coker(f)]
. If (V, F )
is an F -isocrystal on Fq, then we will denote
V(λ) := {v¯ ∈ V ⊗ K¯, F ⊗ σ(v¯) = p
λv¯}.
Note that the eigenvalues of γ acting on V(λ) are the {
qλ
α
}α, where the α’s run over
the eigenvalues of F a on V satisfying ordq(α) = λ.
Let r be an integer, M,N ∈ Dbc(R) and let P := RHom(M,N). We denote (ajl)l
the eigenvalues of F a acting on Hj(sP )⊗K. Recall that according to a theorem of
Manin, (ordq(ajl))l is the family of slopes of H
j(sP )⊗K.
We will also need the following lemma of [MR]:
Lemma 5.2.1. ([MR], Lemma 5.1) Let M be a finitely generated Zp-module with an
action of Γ and let f : MΓ → MΓ be the map induced by the identity map. Then
z(f) is defined if and only if 1 is not a multiple root of the minimal polynomial of γ
on M , in which case MΓ has rank equal to the multiplicity of 1 as an eigenvalue of
γ acting on MQp and
z(f) = |
∏
i,ai 6=1
(1− ai)|p.
Proposition 5.2.2. Let r be an integer, M,N ∈ Dbc(R) and let P := RHom(M,N).
Let also Gj := Extj(M,N(r)) = Hj(P(r)F. ) (a perfect algebraic group over Spec(k)et).
We denote U j its unipotent part and Dj its pro-e´tale part. Then,
z(fj : Ext
j(M¯, N¯(r))Γ → Extj(M¯, N¯(r))Γ) is defined if and only if q
r is not a
multiple root of the minimal polynomial of F a acting on Hj(sP )⊗K, in which case,
z(fj) = |
∏
ajl 6=qr
(1−
ajl
qr
)|p.|
∏
ordq(ajl)<r
qr
ajl
|p.[U
j(k)].
Proof. We have Gj(F¯q) = H
j(P¯(r)F. )(F¯q) = Ext
j(M¯, N¯(r)) by Theorem 4.5. On the
other hand, applying the Theorem 4.4, with M = P (r), we deduce that Dj(F¯q) is a
finitely generated Zp-module and that
Dj(F¯q)⊗Qp ≃ [H
0(Hj(P (r))⊗ K¯]F⊗σ.
Since the slope spectral sequence degenerates at E2 after killing the torsion, we
can rewrite the right hand side of the previous isomorphism as
[Hj(P (r))0 ⊗K](0) ≃ [H
j(sP (r)⊗K)[0,1[](0),
by Corollary 4.5.1.
Finally, we have,
[Hj(sP (r)⊗K)[0,1[](0) ≃ [H
j(sP (r)⊗K)](0) ≃ [H
j(sP ⊗K)](r).
In particular, the eigenvalues of γ acting on Dj(k¯)⊗Qp are the
qr
ajl
, with ordq(ajl) =
r.
11
Looking at the action of 1− γ on each groups U j(k¯), Gj(k¯) and Dj(k¯), we deduce
by diagram chase, the following commutative diagram of short exact sequences
0 → U j(F¯q)
Γ → Gj(F¯q)
Γ → Dj(F¯q)
Γ → 0
↓ f ′j ↓ fj ↓ f”j
0 → 0 → Gj(F¯q)Γ → D
j(F¯q)Γ → 0
Using the reasoning above as well as the lemma 5.2.1, we deduce that z(f”j) is
defined if and only if qr is not a multiple root of the minimum polynomial of F a
acting on Hj(sP )⊗K and
z(f”j) := |
∏
ordq(ajl)=r,ajl 6=qr
(1−
qr
ajl
)|p.
Now, we just use that z(fj) = z(f
′
j)z(f”j) to conclude. 
The proof of Th. 5.1 is now reduced to the following:
Theorem 5.2. LetM,N ∈ Dbc(R), r an integer and denote as usual P = RHom(M,N(r))
and for any j denote U j, the unipotent part of Hj(P(r)F. ). Assume that q
r is not a
multiple root of the minimum polynomial of F a acting on Hj(sP )⊗K for any j.
(1) The groups Extj(M,N(r)) are finitely generated Zp-modules and the alternat-
ing sum of their rank is zero.
(2) The Zeta function Z(P, t) of P has a pole at t = q−r of order
ρ :=
∑
j
(−1)j+1j.rankZp(Ext
j(M,N(r)).
(3) The cohomology groups of the complex E(M,N(r)) are finite and the alter-
nating product of their orders χ(M,N(r)) satisfies
| lim
t→q−r
Z(P, t)(1− qrt)ρ|−1p = χ(M,N(r)).q
χ˜(P,r)
where
χ˜(P, r) =
∑
j
(−1)j+1ordq([U
j(k)]) +
∑
j,l,λjl≤r
(−1)j+1(r − λjl),
with λjl the slopes of H
j(sP ⊗K).
Proof. The first two assertions are proved in [MR], p.25. We have
Z(P, t) =
∏
j
(
∏
l
(1− ajl))
(−1)j+1
and we can show exactly as in [MR] that
χ(M,N(r)) =
∏
j
z(fj)
(−1)j .
Note also that
|
∏
ajl 6=qr
(1−
ajl
qr
)|p = | lim
t→q−r
Pj(t)
(1− qrt)ρj
|p,
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where ρj is the multiplicity of q
r as an inverse root of Pj(t) and is equal to
rankExtj(M¯, N¯(r))Γ (or thanks to our hypothesis on r to rankExtj(M¯, N¯(r))Γ)
and that by Manin’s Theorem:
|
∏
ordq(ajl)<r
qr
ajl
|p =
∑
l,λjl<r
r − λjl.
The result follows immediately by Proposition 5.2.2. 
6. Application to special values of geometric L-function
We come back to the setting of the first chapter: Let (V., V
′
. ) be the proper hyper-
covering of (V, V ′).
Definition 6.0.1. Let K be a finite extension of Q and let S be a set of pairs (ℓ, ι) of
a prime number ℓ and an embedding ι : K → Qℓ. A strict compatible (K,S)-family
of ℓ-adic sheaves (ℓ any prime) corresponds to the data E = (Eℓ,ι)(ℓ,ι)∈S of smooth
Qℓ-sheaves Eℓ,ι on V (ℓ 6= p) and of an overconvergent F -isocrystal (Ep,ι, ϕp) over
V/Qp such that for any x ∈ V , det(1− Frobx q
−s·deg(x);Fℓ,ι,x) = ι(Px) (where Fℓ,ι,x is
defined as above) for some Px ∈ K[q
−s] which is independent of (ℓ, ι) ∈ S. We will
call a strict compatible system nice if the l-adic sheaves are ι-pure and coming from
Zl-smooth sheaves, and Ep is nice in the previous sense.
We give an example of existence of strict compatible system of ℓ-adic sheaves.
Theorem 6.1. Assume that V is smooth and geometrically connected over Fq. Let Ep
be an irreducible overconvergent F -isocrystal over V with finite determinant. Then
Ep is the p-adic coefficient of a strict compatible system. In particular,
L(Ep, t) ∈ Ω(t),
for some finite extension Ω/Q.
Proof. By [AE], Theorem 4.2, we can associate for any prime ℓ, an ℓ-adic sheaf with
same L-function. The fact that this L-function lies in Ω(t) for some finite extension
Ω of Q has been proved by Deligne (see [E-K]). 
Until the end, we assume given a strict compatible system E which is nice (in the
sense of Section 3.2) and whose ℓ-adic sheaves (any ℓ) are ιℓ-pure. we will consider an
integer r such that qr is not a multiple root of the minimum polynomial of ϕap acting
on Hjrig,c(V,Ep) for any j nor of the minimum polynomial of ϕℓ acting on H
j
et,c(V¯ , Eℓ).
Note that by our hypothesis we have
L(V,Eℓ, t) = L(V,Ep, t),
for any prime ℓ. We denote this function L(V,E, t).
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6.1. The p-adic valuation of the leading coefficient. Let (Elog. ) some locally
free finite rank objects of F − Cryst((V ′. )
♯/W ) associated to the nice Ep . We will
denote all this data Ep.
For any j, we consider R(Elogj ) ∈ D
b
c(R), the object defined in Section 4.4. As
Dbc(R) is a triangulated subcategory of D(R), we deduce that for any integer d,
R(Elog|V≤d) ∈ D
b
c(R)
where for any simplicial scheme S., S≤d denote the truncation on the right at order
d of S.. We denote
M(Ep, d) := τ≤N(E)R(E
log
|V≤d
)
the object of Dbc(R), where τ≤∗ is the ∗-th truncation functor in the derived category.
Lemma 6.1.1. For d large enough, we have
H i(sM(Ep, d))⊗Qp ≃ H
i
rig(V,Ep)
Proof. The inclusion V ′≤d → V
′
. , induce an isomorphism
τ≤N(E)H
i
crys(V
′#
. /W,E
log
. )⊗Qp ≃ τ≤N(E)H
i
crys(V
′#
≤d/W,E
log
≤d)⊗Qp = H
i(sM(Ep, d))⊗Qp
for d large enough. Indeed, observe that both sides coincide with RΓrig(V,Ep). For
the left-hand side, this is a consequence of the proper descent of rigid cohomology
with coefficients (observe that the rigid cohomology of Ep over V vanishes for i greater
than N(E)) and the comparison between rigid and log-crystalline cohomology ([Tr],
Prop. 1.5). For the right-hand side, note that by the second hypothesis of nice, a
finite number of Vi’s suffices to describe the rigid cohomology of Ep. 
We set
Mc(Ep, d) := Cone(M(Ep, d)
i∗.→M(Ep,|Z , d))[1].
We have Mc(Ep, d) ∈ D
b
c(R) and we can show exactly as in [MR], Lem. 6.11
Lemma 6.1.2. For d large enough, we have
H i(sMc(Ep, d))⊗Qp ≃ H
i
rig,c(V,Ep).
Let r be an integer and d large enough. We set
H iabs(V,Ep(r)) := Ext
i(W,Mc(Ep, d)(r))
χ(Ep, r) := χ(W,Mc(Ep, d)(r)),
if it is well-defined.
Finally we set χ˜(Ep, r) := χ˜(P, r), with P = RHom(W,Mc(Ep, d)). We deduce
from the previous lemma and from Th. 5.1:
Corollary 6.1.3. Let Ep be as before. Assume that q
r is not a multiple root of the
minimum polynomial of F a acting on Hjrig,c(V,Ep) for any j.
(1) The groups H iabs(V,Ep(r)) are finitely generated Zp-modules and the alternat-
ing sum of their rank is zero.
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(2) The L−function L(V,E, t) has a pole at t = q−r of order
ρ :=
∑
j
(−1)j+1j.rankZp(H
i
abs(V,Ep(r))).
(3) χ(Ep, r) is well-defined and we have
|limt→q−rL(V,E, t)(1− q
rt)ρ|−1p = χ(Ep, r).q
χ˜(Ep,r)
6.2. The ℓ-adic valuation of the leading coefficient. This section is not new
but merely a rewriting (and a corollary) of [MR2], section 4.
Let ℓ 6= p be a prime. We denote Dbc(k,Zℓ) the derived category of bounded
constructible Zℓ-complexes on Spec(k) ([Ek2]) and Zℓ ∈ D
b
c(k,Zl) will denote the
constant object. We have an equivalence of categories
Dbc(k,Zℓ) ≃ D
b
c(k,Z/ℓ
.),
where the left hand side is the derived category of projective systems M = (Mn)n,
where Mn is a complex of Z/ℓ
n sheaf on Spec(k) and M is such that the projective
system
(Z/ℓ⊗LZ/ℓn Mn)n
is isomorphic to the constant projective system defined by an object of Dbc(k,Z/ℓ)
modulo a projective system of complexes K = (Kn)n such that the transition maps
of the projective system (H i(Kn))n becomes zero for n large enough.
We also denote D(ZℓΓ) the derived category of complexes of Zℓ-module with con-
tinuous action of Γ and denote Dbc(ZℓΓ) the subcategory of bounded complexes with
finitely generated cohomology as Zℓ-module.
We have a canonical functor
α : Dbc(k,Zℓ) ≃ D
b
c(k,Z/ℓ
.)→ Dbc(ZℓΓ)
M = (Mn) 7→ R lim←−
n
Mn(k
sep).
As in the case of Dbc(R) we have an internal Hom, RHom(., .) and we can define as
before the complex Ext.(M,N(r)), for any M,N ∈ Dbc(k,Zℓ) and integer r.
The following theorem was proved in [MR2]
Theorem 6.2. Let M,N ∈ Dbc(k,Zℓ) and let P = RHom(M,N). Assume that for
all j, the minimal polynomial of γ acting on Hj(sP )⊗Qℓ does not have q
r as multiple
root.
(1) The groups Extj(M,N(r)) are finitely generated Zℓ-modules and the alternat-
ing sum of their ranks is zero.
(2) The Zeta function Z(P, t) :=
∏
j det(1− tγ,H
j(sP )⊗Qℓ)
(−1)j+1 has a pole at
t = q−r of order
ρ :=
∑
j
(−1)j+1j.rankZℓExt
j(M,N(r)).
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(3) The cohomology groups of the complex Ext.(M,N(r)) and the alternating
product of their orders denoted χ(M,N, r) satisfies
| lim
t→q−r
Z(P, t)(1− qrt)ρ|−1ℓ = χ(M,N, r).
We come back to our strict (and nice) compatible system E.
We set
(1) N(El) := RΓet,c(V ×k k¯, El).
(2) P = RHom(Zℓ, N(El)).
(3) H iabs(V,El(r)) := Ext
i(Zℓ, N(El)(r)).
(4) χ(El, r) := χ(Zℓ, N(El), r).
We deduce from Theorem 6.2:
Corollary 6.2.1. Assume that qr is not a multiple root of the minimum polynomial
of ϕl acting on H
j
et,c(V ×k k¯, El) for any j.
(1) The groups H iabs(V,Eℓ(r)) are finitely generated Zℓ-modules and the alternat-
ing sum of their rank is zero.
(2) The L−function L(V,E, t) has a pole at t = q−r of order
ρ :=
∑
j
(−1)j+1j.rankZℓ(H
i
abs(V,Eℓ(r))).
(3) χ(Eℓ, r) is well-defined and we have
|limt→q−rL(V,E, t)(1 − q
rt)ρ|−1ℓ = χ(El, r).
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